Abstract. Whether or not a relatively prime pair of amicable numbers exists is still an open question. In this paper some necessary conditions for m and re to be a pair of odd relatively prime amicable numbers are proved. In particular, lower bounds for m, n, mn and the number of prime divisors of mn are established. The arguments are based on an extensive case study carried out on the CDC 6400 at the Temple University Computing Center.
1. Introduction. Two positive integers m and n sire said to be amicable if where o-(fc) is the sum of the positive divisors of k. To date almost 900 pairs of amicable numbers have been found (see [1] , [2] , [3] , [4] , [7] and [8] ), none of which is relatively prime. In [6] Kanold has shown that if m and n are relatively prime amicable numbers then mn > 4 • 1046. In [5] the present author has shown that if m and n are relatively prime amicable numbers of opposite parity then mn > 1074. The purpose of the present paper is to improve Kanold's lower bound for mn in case m and n are relatively prime odd amicable numbers. To be precise, we shall prove the following Theorem. If The proof involves an exhaustive, and rather exhausting, "case" study. This was carried out with the aid of the CDC 6400 at the Temple University Computing Center.
Some Preliminary
Results. In what follows p and q denote primes and the notation pa||fc means that pa\k but pa+1\k. m and n will always be understood to be a pair of relatively prime odd amicable numbers. From (1) and (2) and the multiplicative property of oik) we see that (3) m + n= Uo-irb) = U*ise)
where, for convenience, we have omitted the subscripts.
Lemma 1. If q\mn and pa\\mn, then q\o(pa).
Proof. If q\mn and </|a-(p°), then from (3) we see immediately that q\m and q\n. This is impossible since (m, n) = 1. We conclude that mn = 3-ll2-172-232-(7(7,571) > 3-10118. Here G(7,571) is the product of the 49 primes between 7 and 571, inclusive, which are congruent to 1 modulo 3.
6. The case (mn, 15) = 15. This case is far more troublesome and requires the examination of a multiplicity of subcases before the lower bound given in (d) of our theorem can be established. We shall present the results of our investigation in tabular form after some preliminary remarks. From (4) we see that lower bounds for T, and consequently mn, can be determined by finding the smallest integer N such that ABC Tlfln Pj/iPj -1) > 4.
Our results appear in the accompanying table.
In each case PY(p, q) denotes the product of the k primes between p and q, inclusive, which are not congruent to -1 modulo any prime known to be a divisor of win. We have proved the following Corollary.
If m and n are relatively prime odd, amicable numbers then m > 1033 and n > 1033.
This improves Kanold's result [6] that n > m > 1023. We also remark that the adjective "odd" can be omitted in the statement of the corollary. For in [5] it has been proved that if m and n are relatively prime amicable numbers of opposite parity then m > 1036 and n > 1036.
